This paper discusses the multiscale stochastic stress analysis of a resin-based porous material having a quasi-periodic microstructure. For the purpose of the analysis on the influence of a microscopic geometrical random variation of holes, the perturbation-based multiscale stochastic stress analysis method is employed. As the microscopic geometrical random variables, the volume fraction, shape and location of the holes are taken into account, and in order to compute the perturbation term of the microscopic stresses for the microscopic geometrical random variation, the finite difference method is used. With the numerical results of the multiscale stochastic stress analysis of the porous material, the probabilistic response of the microscopic stresses for the microscopic randomness is investigated. Also, the accuracy of the perturbation-based approach is discussed in comparison with the results of the Monte-Carlo simulation.
Introduction
Heterogeneous materials such as composite materials or porous materials have been used as the advanced materials because of their preferable mechanical properties. For example, a porous material can be selected as a part of a lightweight structure or a bio-implant material. This material generally has a complex microstructure, and analysis of its equivalent mechanical property or microscopic stress field will be more complicated than a homogeneous material. For this problem, a multiscale analysis methodology is helpful for understanding both the equivalent property and the microscopic behavior.
In the case of using a multiscale analysis method like the homogenization theory, both of them can be analyzed numerically, but it is generally performed with assuming a deterministic condition. On the other hand, there are many random variations in such a heterogeneous material at the microscopic level, and the equivalent material property or microscopic stress field should be evaluated stochastically for more reliable and quantitative evaluation of a structure made of the heterogeneous materials.
From this viewpoint, the stochastic homogenization analysis for a heterogeneous material has been studied. For instance, the stochastic homogenization analysis was reported by Kaminski (1) , Ostojya (2) Sakata (3) or Xu (4) in terms of methodology for the stochastic homogenization problem, and it has been extended to multiscale stochastic stress analysis (5) (6) , microscopic failure probability analysis of composites via the multiscale stochastic stress analysis (7) or the inverse stochastic homogenization analysis (8) .
It is noted that most of these reports discussed the analysis of a composite material, which consists of two or more component materials, and these reports are focused on the stochastic homogenization analysis for considering a random variation of a material property of a microstructure. On the other hand, a microscopic geometrical random variation should be also taken into account, especially in the case of a microscopic stochastic stress analysis.
A porous material has randomly distributed voids, and an equivalent mechanical property will include a random variation. Also, the microscopic randomness will have an influence on its microscopic stress field. A porous material having regularly arranged voids in microscale, which is fabricated using a rapid prototyping (9) , has been reported, and it can be helpful to control the microstructure and the equivalent mechanical property of a porous material. However, a microscopic random variation will be still included in such a quasi-periodic microstructure of the porous material, and multiscale stochastic stress analysis should be performed for reliability evaluation of the porous material. From these backgrounds, multiscale stochastic stress analysis of the porous material considering a microscopic geometrical random variation is performed in this study. A multiscale stochastic stress analysis of a composite material considering a microscopic random variation of a material property has been discussed (5) - (7) , but the detailed analysis of a porous material for several types of microscopic geometrical random variations of the holes in the quasi-periodic porous material has not been discussed. In particular, applicability of the perturbation-based approach for the multiscale stochastic analysis for the microscopic random variations in comparison with the more accurate approach like the Monte-Carlo simulation has not been discussed yet. Therefore, in this paper, the perturbation-based multiscale stochastic stress analysis and Monte-Carlo simulation are carried out for several microscopic geometrical random variations. Especially, this paper aims at both investigations of influence of the geometry variations on the probabilistic property of the microscopic stress field and the accuracy of the perturbation-based approach in comparison with the results of the Monte-Carlo simulation. In order to consider a parametric geometrical random variation at the microscopic level, the finite difference method is used for computation of the perturbation terms of the stresses.
Random variation of a microstructure in a porous material fabricated using the rapid prototyping
A general porous material has randomly distributed voids, and it is difficult to control the geometrical parameters such as shape or location of the voids. On the other hand, in recent, fabrication of a porous material having a controlled microstructure has been attempted with a rapid prototyping system. For example, Ohtsubo et al. reported a honeycomb porous material having around 40 holes in an about 0.1 mm 0.1 mm × square fabricated using a rapid prototyping system (9) . This fact indicates a potential to manufacture a porous material having a desired distribution of voids or holes in the material, and it will help to improve mechanical properties of the material. Figure 1 shows a sample of a porous material having regularly arranged voids (holes) manufactured by a rapid prototyping system. Figure 1(a) shows a photograph of a sample specimen, and Fig.1 (b) is a numerical model for fabricating the porous structure. In this case, 10 cells are located in the loading direction and 3 cells exist in the transverse direction.
For this sample, geometrical parameters as size and location of the holes are measured. Table 1 shows the statistical properties of the measured size and location of the holes. This result is computed from the measured results of 10 specimens, totally 300 holes in the porous specimens. From this table, it can be recognized that geometrical random variations are observed when the rapid prototyping system is used, and the standard deviations are different from each other. This fact indicates necessity of the stochastic homogenization and multiscale stochastic stress analysis of a porous material having quasi-periodic voids fabricated using a rapid prototyping system. 
Analysis Method

Multiscale Stress Analysis with the Homogenization Theory
In order to estimate an equivalent material property and microscopic stress field, the homogenization theory is employed in this study. The homogenized elastic tensor of a composite material can be computed with the homogenization theory (10) as
where the superscript H indicates a homogenized quantity, E is an elastic tensor of a microstructure, Ψ is the volume of a unit cell, and I is a unit tensor. χ is a characteristic displacement, which can be obtained as a solution of the following characteristic equation,
The microscopic stress can be computed from the elastic tensor of the component material, the characteristic displacement and the macroscopic strain as follows.
where macro ε is the macroscopic strain.
Monte-Carlo simulation for the Multiscale Stochastic Stress Analysis
If a microscopic geometrical parameter such as shape or location of the hole includes an uncertainty as shown in Fig.2 , the homogenized elastic tensor also has a random variation. For example, when the Gaussian distribution of the microscopic random variable is assumed, an observed value of the diameter in the lateral axis of the elliptic hole can be expressed as follows.
( )
where α is a normalized Gaussian random variable, the superscript "*" and "0" indicate the observed and expected value. In this case, if the material property can be assumed to be deterministic, the observed homogenized elastic tensor is computed as
Also, the observed value of the microscopic stress for the microscopic random variation of geometry can be computed from both the observed values of the characteristic displacement and macroscopic strain as
It should be noted that the macroscopic strain will be also a random response against the microscopic geometrical random variation in addition to the characteristic displacement. In the Monte-Carlo simulation, a set of the observed microscopic stresses expressed by eq. (3.6) is analyzed with a large number of trials using numerically generated random numbers, and the statistical properties such as the expectation, variance and the coefficient of variance are computed from the set of the deterministic results.
In 
From these quantities, the coefficient of variance
In the case of assuming the Gaussian random variable, the random number is generated with the following Box-Mullar randomization formula (11) . s is the standard deviation of the random variable α .
Perturbation-based Multiscale Stochastic Stress Analysis for a Microscopic Geometrical Random Variation
In order to estimate a random variation of the homogenized elastic property or the microscopic stress of a porous material for a microscopic small random variation, the perturbation-based stochastic homogenization technique may be usable.
If a random variation of a geometrical parameter of a microstructure is taken into account, eq. (3.5) can be approximated with applying the asymptotic expansion of the random response as ( )
where the superscript "i" indicates the ith order perturbation term. In order to obtain the perturbation terms of the characteristic displacement, the following simultaneous equation is solved.
where Ψ K and Ψ F are the microscopic stiffness matrix and the load vector for the characteristic equation.
With the solutions of the simultaneous equation and the perturbation term of the strain-displacement matrix B , the first and second order perturbation terms of the homogenized elastic tensor and the microscopic stress for a geometrical random variation can be computed as ( ) ( ) In the case that the finite element method is used for the analysis, the perturbation terms for a geometrical random variation are sometimes difficult to be expressed by an analytical form. For example, the parametric variations like shape, size, volume fraction and location of the holes involve a large number of random variables. In general, the random variables are the coordinates of each related node, and those variations are usually correlated. In this case, it is not easy to compute the perturbation terms of the B and χ explicitly. For this problem, the first order perturbation term of the microscopic stress for the geometry variation is simply approximated with the finite difference formula as
where α ∆ is the small finite difference with respect to the random variable. A higher order perturbation term can be computed with the same manner. With this numerical procedure, the expectation and variance of the microscopic stress of the porous material considering a geometrical random variation of a microstructure can be approximately computed with the first order second moment method as follows.
* 0
where cov[] is the covariance. The subscripts i and j indicate the kind of microscopic random variable, e.g., the volume fraction or shape of holes.
Numerical results
Problem Settings
In this study, a two dimensional porous material having square arranged periodic holes is considered as the target material. Figure 3 illustrates the schematic view of the material. The holes are arranged in X-Y plane, and a uniaxial tensile load is applied in X or Z direction. X is the transverse direction, and Z is the hole direction.
The fixed enforced displacement or fixed load is applied, and the macroscopic tensile stress in the loading direction is 4MPa for the expected microstructure. For the porous material, the multiscale stochastic stress analysis is performed with considering a geometrical random variation. Figure 4 illustrates the finite element model of the unit cell and assumed microscopic random variations of the holes. The diameter, ratio of the lateral axis to the vertical axis and relative location of the holes are the random variables for the f V , shape and location variation, respectively. Since the meshing condition will affect the stress distribution when the stress concentration is observed, a denser mesh may be preferable. On the other hand, a dense mesh involves a higher computational cost for the Monte-Carlo simulation. From these reasons, the illustrated mesh is adopted with considering convergency of the stresses and the computational cost in this study. If a more accurate result is needed and a higher computational cost is acceptable, a more detailed mesh will be usable for the analysis. A is the expected value of the cross sectional area of the hole, and l is the location of the holes in x direction at the microscopic scale as shown in Fig.4 . Equations (4.1)-(4.3) express the volume fraction variation, shape variation and location variation, respectively. The elastic properties of the resin correspond to Epoxy resin are assumed, Young's modulus is 4.5GPa and the Poisson's ratio is 0.39. In order to investigate the influence of the microscopic random variations of the geometrical parameters, it is assumed that the elastic properties are not varied. The expected volume fraction of the holes is 0.2.
Influence of the Microscopic Geometrical Random Variation on the Microscopic Stresses
At first, influence of the microscopic geometrical random variation on the probabilistic properties of the microscopic stresses is investigated. In this case, the enforced tensile displacement or external tensile load is applied in the hole direction (Z) or the transverse direction (X). The volume fraction, shape and location of the hole are considered as the microscopic geometrical random variables. The Coefficient of Variance (CV) of the random variables is 0.05, and the expected values and CVs of the microscopic stresses are computed. Figure 5 shows the microscopic stresses for the expected microstructure."Z-disp", "Z-load", "X-disp" and "X-load" in the legend show the results for the enforced displacement or applied load in Z or X direction, respectively. In the following results, "Z" means the hole direction and "X" means the transverse direction. The numerical results in this section are obtained from the Monte-Carlo simulation. The number of trials is 10,000.
It is confirmed that the same maximum stresses resulted from the enforced displacement and the applied load for the expected microstructure, and the microscopic stress depends on the loading direction. For this condition, the multiscale stochastic stress analysis is performed. In this case, CVs of the stresses at the elements, which has the maximum value of the stresses for the expected microstructure, are computed with the presented multiscale stochastic stress analysis method. Figures 6-8 show the CVs of the microscopic stresses for each microscopic geometrical random variation. max σ and max τ are the principal stress and the maximum shear stress. Figure 6 is the result for the volume fraction variation of the holes, Figure 7 shows the result for the shape variation, and Fig.8 shows the result for the location variation. The results for X-and Z-direction loadings are illustrated.
From Fig.6 , it is recognized the CVs for the fixed applied load are larger than the case of the fixed enforced displacement. In the case of the Z-direction loading, the CV of the z σ is almost zero for the fixed enforced displacement, and the CVs of the stresses in the transverse directions are larger than the others. On the other hand, for the X-direction loading, the CVs of the x σ and y σ are very smaller than the case of the Z-direction loading especially for the fixed enforced displacement. This result shows the CVs of the stresses depend on the loading direction and the loading condition. For the shape variation, from Fig.7 , only CVs of x σ , y σ and xy τ are observed in the case of the Z-direction loading. A reason of this result is that the cross-sectional area is assumed to be constant for the shape variation. For the X-direction loading, the CVs of the z σ are the maximum against the shape variation.
The location variation has a smaller influence on the stresses than the others in the case of the Z-direction loading, for example the maximum CV of the stress is about 0.02. On the other hand, for the X-direction loading, the maximum CV is about 0.06, and this is larger than the case of f V variation. From this result, it is considered that the location variation should be also taken into account in the multiscale stochastic stress analysis problem especially in the case of the transverse loading. From these results, it is confirmed the CVs are different from each other and depend on both the macroscopic condition as the loading condition and the type of the microscopic random variation, and the CVs are sometimes larger than the CV of the random variable itself. This result indicates importance and necessity of the multiscale stochastic stress analysis for reliability evaluation of a structure made of a porous material. is not so large, but accuracy improvement of the analysis should be attempted. Figure 10 shows the estimation errors for the shape variation. In this case, the estimation errors are larger than the case of the f V variation. In particular, the estimated
CVs of x σ include larger errors in every cases. For a smaller random variation, the estimation errors are not so large and could be acceptable, but in the case of the large random variation, for example CV of α is 0.1, the estimation error becomes about 10%. In the case of the location variation, from Fig.11 , it is confirmed that the first order perturbation-based approach is usable for the Z-direction loading. On the other hand, for the X-direction loading, the estimation error is large, for example, the error in the estimated CV of max τ becomes over 30% for the large location variation. A more accurate method may be needed for estimation of the CVs of the stresses against the location variation.
For the purpose of improving the accuracy of the CV estimation in some cases, effectiveness of a higher order perturbation-based approach is investigated. As an example, the second order perturbation-based method is applied for the analysis. In this case, the results for the fixed enforced displacement in the X-direction for the f V variation, all loading conditions for the shape variation, and both of the fixed enforced displacement and applied load in the X-direction for the location variation are illustrated. From Fig.12 (a) , it is recognized that the estimation accuracy of the CV of y σ for the f V variation is drastically improved. However, in the other cases, the second order perturbation-based approach seems to be not effective, and the estimation accuracy is not significantly improved. From this result, if the random variation is small, the first order perturbation-based approach will be usable, but when the random variation is large, it is recognized a better computational method should be developed for more accurate multiscale stochastic analysis, especially in the case of the shape or location variation of the holes. In particular, the first or second order perturbation-based approach will give an acceptable estimation when
, and it is concluded that the presented lower order perturbation-based approach should be carefully used for a large microscopic geometrical variation. In order to discuss the reason of the inaccuracy of the CV estimation, some of the relationships between the random variables and the stresses are investigated. Figure 13 shows the exact response of the stresses, and the first or second order approximation obtained from the perturbation analysis with the finite difference method. Figure 13 Fig.13(a) , it is recognized that the exact relationship is nonlinear, and the first order approximation is quite different from the exact response. This causes the error in the CV estimation of y σ for the f V variation. The second order perturbation gives more accurate approximation, which expresses the exact response function well.
On the other hand, from Fig.13(b) , the exact response of max τ for the location variation cannot be well expressed with the first or second order perturbation techniques. A higher perturbation may be able to improve the accuracy, but the convergency should be checked. Also, a higher order perturbation with the finite difference method will involve a high computational cost, or accuracy of the finite difference approximation must be confirmed. From these reasons, it is considered a higher order perturbation method is not preferable for the microscopic geometrical random variation, and development of another effective approach will be encouraged for improving the estimation accuracy.
Conclusion
In this paper, the multiscale stochastic stress analysis of a porous material is performed for several microscopic random variations. The homogenization theory is used for the multiscale stress analysis, and the Monte-Carlo simulation or the perturbation-based stochastic homogenization method is used for the statistical analysis. In order to consider the parametric geometrical random variations as the volume fraction, shape and location variations of the holes in the perturbation-based multiscale stochastic stress analysis procedure, the finite difference scheme is introduced for computing the perturbation terms of the microscopic stresses for the geometrical random variations.
From the numerical results, the microscopic geometrical variations have complex influences on the CVs of the microscopic stresses, and the influence depends on both the macroscopic condition and the type of the microscopic variation. Some of the CVs of the stresses become larger than the CV of the random variables, and the necessity of the multiscale stochastic stress analysis of the quasi-periodic porous material is confirmed.
In addition, accuracy of the perturbation-based approach is investigated. For the f V variation, the perturbation-based approach gives accurate estimation except to the case of CV estimation of y σ for the fixed enforced displacement condition in the transverse direction. On the other hand, the shape or location variation, the perturbation-based approach will be usable when the random variation is enough small. With applying the second order perturbation technique, accuracy of CV[ y σ ] estimation for the f V variation is improved, but the others are not significantly improved. In particular, the perturbation-based approach should be carefully used for the location variation of the holes, and it is considered that an effective method should be developed for improving the accuracy of the estimation. In addition, for a more practical problem, a non-uniform microscopic random variation (12) should be taken into account in a next step of this study.
